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A.Theory: EFT at the field level



Cold Dark Matter 
cosmology in a nutshell
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variance of matter fluctuations 
per logarithmic k interval• Inflation+CMB -> scale-

invariant, adiabatic, approx. 
Gaussian initial conditions

• Large-scale fluctuations are 
small (still linear today)

• Structure forms hierarchically 
from small to large scales

• Perturbative expansion in 
fluctuations on large scales
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• Perturbations in our universe 
are small on large scales

• Perturbation theory works 
on quasilinear scales k < kNL

• Goal: describe galaxy 
clustering up to a given scale 
and accuracy using a finite 
number of free (A) bias 
parameters and (B) stochastic 
amplitudes

Theory of galaxy 
clustering
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variance of matter fluctuations 
per logarithmic k interval
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EFT approach
• Idea: trust our theory for 

k < Λ

• Split perturbations into 
large scale (< Λ) and small 
scale (>= Λ):

• Then, we integrate out 
(marginalize over) 
perturbations with k > Λ

�(x, ⌧) ⌘ ⇢m(x, ⌧)

⇢̄,(⌧)
� 1 = �⇤ + �s
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EFT approach
• Idea: trust our theory for 

k < Λ

• Split initial perturbations 
into large scale (< Λ) and 
small scale (>= Λ):

• Then, we integrate out 
(marginalize over) 
perturbations with k > Λ
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• Incorporate effect of large-scale 
perturbations explicitly using 
bias expansion, with free 
coefficients

• Fields O are constructed 
from 

• Small-scale perturbations add 
noise ε

(A) Bias

�g(x) =
X

O

bOO(x) + "(x)
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• Incorporate effect of large-scale 
perturbations explicitly using 
bias expansion, with free 
coefficients

• Fields O are constructed 
from 

• Can understand this as expanding the 
source term in the continuity eqn:

(A) Bias

�g(x) =
X

O

bOO(x) + "(x)
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(A) Bias
• Which bias terms         we need to include:

• Well understood by now

• Include dependence on full history of 
structure formation

• Includes “local bias” (powers of matter 
density) as well as tidal fields, time and 
space derivatives thereof

• Displacement terms protected by 
equivalence principle have fixed coefficients!

O(x)
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Bias: details
• The bias expansion should contain all possible terms we 

can make out of time and spatial derivatives of density and 
tidal field

• Spatial derivatives suppressed by k R*, where R* is 
spatial length scale associated with galaxy formation

• Convenient, complete expansion in terms of PT 
contributions to Lagrangian distortion tensor M(n) up to a 
given order (n <= N):

<latexit sha1_base64="+WTQewYPmRGLsPi0qDxc2AUZpuQ="></latexit>
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when transforming the time coordinate from ⌧ to ln D(⌧): then, the right-hand side of Eq. (2.59) simply
becomes 2nD2(⌧)O(2) + 3nD3(⌧)O(3).

Note that, even when starting with an operator OL that is a local combination of @q,i@q,j�, the higher-

order terms O(n)

L generated by time evolution are in general not expressible as local combinations of @q,i@q,j�.

Instead, terms involving @i@j/r2 acting on powers of @l@m� appear, just as we have seen with O(3)

td
in

Eq. (2.50). Fundamentally, this is a consequence of the fact that gravity acts over long distances, so that
the gravitational evolution of the tidal field cannot be approximated as local [148, 149]. In particular, the
invariant definition of the tidal field is a certain projection of the Weyl tensor [150], which corresponds to
the specific part of the Riemann tensor that is not locally related to the stress-energy tensor via the Einstein
equations.

Crucially however, while we assume that galaxy formation is local (we relax this assumption in Sec. 2.6),
we do not have to assume that gravity is local. Indeed, one can straightforwardly derive the evolution of
the tidal field in perturbation theory, and take that into account in the bias expansion, namely through

the terms O(m)

L described above. One finds that the time derivatives of the tidal field only contain a small
subset of all possible operators constructed out of @i@j/r2 acting on powers of @l@m�. Only these specific
operators should be included in the bias expansion, because only these terms correspond to local observables,
essentially time derivatives of the tidal field along the fluid flow.

Let us now construct an explicit Lagrangian basis of bias operators. It is convenient to write these in
terms of the Lagrangian distortion tensor introduced in Sec. 2.4,

Mij ⌘ @sj
@qi

. (2.60)

Note that at linear order, M (1)

ij is directly proportional to @q,i@q,j�(1). Knowing that we can always recast
the time derivatives as a sum of higher-order operators, we simply have to take all scalar contractions of the

contributions M (n)

ij at each perturbative order; up to quadratic order, this was already written in Eq. (2.42).

However, we do not need to include tr[M (n)] ⌘ �ijM (n)

ij with n > 1, as these terms can always be expressed
in terms of lower-order operators through the equations of motion for Mij (see [80, 151] for the explicit
expression of the latter). The basis up to fourth order then is [131]7

1st tr[M (1)]

2nd tr[(M (1))2] , (tr[M (1)])2

3rd tr[(M (1))3] , tr[(M (1))2] tr[M (1)], (tr[M (1)])3 , tr[M (1)M (2)] (2.61)

4th tr[(M (1))4] , tr[(M (1))3] tr[M (1)] ,
⇣
tr[(M (1))2]

⌘2

, (tr[M (1)])4 ,

tr[M (1)] tr[M (1)M [2]] , tr[M (1)M (1)M (2)] , tr[M (1)M (3)] , tr[M (2)M (2)] .

At fourth order, we have used the fact that, as a 3 ⇥ 3 symmetric matrix, M (1)

ij is characterized by three

independent rotational invariants, allowing us to eliminate tr[(M (1))2](tr[M (1)])2. Starting at third order,
Mij is no longer symmetric; that is, the displacement vector also has a curl component. However, at each
order in perturbations, the antisymmetric part of Mij can be re-expressed in terms of combinations of lower-
order contributions to the symmetric part, M(ij) ⌘ (Mij + Mji)/2, via the equations of motion [80, 151].
Hence, it is su�cient to write the bias expansion purely in terms of the contributions to the symmetric part,

M (n)

(ij).

All of the operators in Eq. (2.61) are easily evaluated in Lagrangian perturbation theory. The first
instance of a convective time derivative appears at third order in the bias expansion through the operator

7We have added two operators at fourth order that were missing in [131]; specifically, the first two terms in the very last
line of Eq. (2.61).

36
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(B) Stochasticity
• ε arises from local (in real space) 

superposition of many small-scale 
perturbations

• Central limit theorem: ε(k) is 
approximately Gaussian distributed 
(the lower k, the more Gaussian it is)

• Local in real space: power spectrum is 
white noise at low k, with 
corrections* ~k2: 

h"(k)"⇤(k0)i = (2⇡)3�D(k � k0)
h
P" + k2P {2}

" + · · ·
i
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* Also, density dependence:
coupling of ε and δ



Partition function for galaxies
• Idea: couple solutions to EOM to source term

• After integrating out initial modes above Λ, 
obtain

• Doesn’t depend on cutoff Λ -> RG equations

Carroll, Pollack, Leichenauer; 1310.2920 
Cabass, FS; 1909.04022

growing mode, it is su�cient to consider a single initial degree of freedom, which we choose
to be the linear density field ”in, with associated power spectrum
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Here, we have indicated explicitly that the current J� only has support up to �. The general
interaction kernels can be understood as follows. First, the kernels K
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�-dependent counterterm contribution, which starts at m = 1 with the e�ective sound speed.
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where F
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m(ki1 , . . .kim) denotes the kernel associated with the m-th order expansion of the

operator O[”in] in perturbation theory (for example, for O = ”m, F
O
m = Fm). Note that

at m-th order, all operators which start at order n Æ m are to be included. The cuto�
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Figure 5. Diagrammatic representation of the renormalization group equation (4.22). The

curved bracket at the bottom represents a contraction with a factor of dP ij/d⇤. The second

graph on the right stands for a sum over various ways to distribute and contract the incoming

lines.

The n = 0 and n = 1 terms are the renormalized initial distribution function and

standard time evolution, respectively, while the n > 1 terms are the new ones. We can

expand (4.10) as a power series in J to obtain RG equations for the K coe�cients.

This yields
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Since the RHS of (4.22) involves only terms with  n raised indices, the equations

can be solved order-by-order in n. The n = 0 terms therefore renormalize among

themselves. We immediately learn that if all n = 0 terms vanish, non-zero terms will

never be generated by the RG. This means that a Gaussian initial distribution at all

scales, and the power spectrum is unchanged.

Now we examine the n = 1 equation:
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If the initial perturbations are Gaussian, K coe�cients with zero upper indices vanish,

so the first term on the RHS is the only one that survives. For the special case m = 1,

we find
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PL,Λ is cut linear propagator



Partition function for galaxies
• Idea: couple solutions to EOM to source term

• After integrating out initial modes above Λ, 
obtain

• Doesn’t depend on cutoff Λ -> RG equations

Carroll, Pollack, Leichenauer; 1310.2920 
Cabass, FS; 1909.04022

growing mode, it is su�cient to consider a single initial degree of freedom, which we choose
to be the linear density field ”in, with associated power spectrum

+
”in(k)”in(kÕ)

,
= (2fi)3

”
[3]
D (k + kÕ) PL(k). (3.1)

In the index notation given above, this can alternatively be written as
e
”

i

in”
j

in
f

= P
ij

L = ”
ij

PL(ki). (3.2)

Thus, we replace the „in = (”in, ◊in) of [2] with ”in.
We now introduce a momentum-space cuto� �, such that

e
”

i

in,�”
j

in,�

f
= P

ij

L,�. (3.3)

(...)
The partition function at the scale � for a general tracer of LSS can then be written as

Z�[J�] =
⁄

D”in,� exp
5

≠ 1
2”

i

in,�
1
P

≠1
L,�

2

ij
”

j

in,�

+ J�,i

Œÿ

m=1

1
m!K

i

i1...im
(�)”i1

in,� · · · ”
im
in,�

+ 1
2J�,iJ�,j

Œÿ

m=0

1
m!K

ij

i1...im
(�)”i1

in,� · · · ”
im
in,�

+ 1
6J�,iJ�,jJ�,k

Œÿ

m=0

1
m!K

ijk

i1...im
(�)”i1

in,� · · · ”
im
in,� + . . .

6
. (3.4)

Here, we have indicated explicitly that the current J� only has support up to �. The general
interaction kernels can be understood as follows. First, the kernels K

i
i1...im

(�) correspond to
the “deterministic” prediction for the tracer:

”
i

g,det,�[”in,�] =
Œÿ

m=1

1
m!K

i

i1...im
(�)”i1

in,� · · · ”
im
in,�. (3.5)

For example, if we specialize to the matter density field ”m,�, then

matter: 1
m!K

i

i1...im
(�) = F

SPT
m (ki1 , . . .kim) + F

c.t.
m,�(ki1 , . . .kim), (3.6)

where F
SPT
m denotes the usual (cuto�-independent) m-th order SPT kernel, and F

c.t.
m,� is the

�-dependent counterterm contribution, which starts at m = 1 with the e�ective sound speed.
For biased tracers, the K

i
...(�) are directly connected to the bias expansion:

tracers: 1
m!K

i

i1...im
(�) =

mÿ

n=1

ÿ

O[n]

bO(�)F O

m(ki1 , . . .kim), (3.7)

where F
O
m(ki1 , . . .kim) denotes the kernel associated with the m-th order expansion of the

operator O[”in] in perturbation theory (for example, for O = ”m, F
O
m = Fm). Note that

at m-th order, all operators which start at order n Æ m are to be included. The cuto�

– 2 –

=
d

d⇤ +

Figure 5. Diagrammatic representation of the renormalization group equation (4.22). The

curved bracket at the bottom represents a contraction with a factor of dP ij/d⇤. The second

graph on the right stands for a sum over various ways to distribute and contract the incoming

lines.

The n = 0 and n = 1 terms are the renormalized initial distribution function and

standard time evolution, respectively, while the n > 1 terms are the new ones. We can

expand (4.10) as a power series in J to obtain RG equations for the K coe�cients.

This yields

d

d⇤
Kj1···jn

i1···im = �1

2

 
dP

d⇤

ij

Kj1···jn
iji1···im +

dP

d⇤

ij mX

k=0

nX

l=0

✓
m

k

◆✓
n

l

◆
Kj1···jl

ii1···ik
K

jl+1···jn
jik+1···im

!
. (4.22)

Since the RHS of (4.22) involves only terms with  n raised indices, the equations

can be solved order-by-order in n. The n = 0 terms therefore renormalize among
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If the initial perturbations are Gaussian, K coe�cients with zero upper indices vanish,

so the first term on the RHS is the only one that survives. For the special case m = 1,

we find
d

d⇤
Kj1

i1 = �1

2

dP

d⇤

ij

Kj1
iji1 . (4.24)
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Partition function for galaxies
• Idea: couple solutions to EOM to source term

• After integrating out initial modes above Λ, 
obtain

• O(J) contributions: bias

• O(J2), O(J3), … contributions: stochasticity
Carroll, Pollack, Leichenauer; 1310.2920 
Cabass, FS; 1909.04022

growing mode, it is su�cient to consider a single initial degree of freedom, which we choose
to be the linear density field ”in, with associated power spectrum
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i
i1...im

(�) correspond to
the “deterministic” prediction for the tracer:

”
i

g,det,�[”in,�] =
Œÿ

m=1

1
m!K

i

i1...im
(�)”i1

in,� · · · ”
im
in,�. (3.5)

For example, if we specialize to the matter density field ”m,�, then

matter: 1
m!K

i

i1...im
(�) = F

SPT
m (ki1 , . . .kim) + F

c.t.
m,�(ki1 , . . .kim), (3.6)

where F
SPT
m denotes the usual (cuto�-independent) m-th order SPT kernel, and F

c.t.
m,� is the

�-dependent counterterm contribution, which starts at m = 1 with the e�ective sound speed.
For biased tracers, the K

i
...(�) are directly connected to the bias expansion:

tracers: 1
m!K

i

i1...im
(�) =

mÿ

n=1

ÿ

O[n]

bO(�)F O

m(ki1 , . . .kim), (3.7)

where F
O
m(ki1 , . . .kim) denotes the kernel associated with the m-th order expansion of the

operator O[”in] in perturbation theory (for example, for O = ”m, F
O
m = Fm). Note that

at m-th order, all operators which start at order n Æ m are to be included. The cuto�

– 2 –

growing mode, it is su�cient to consider a single initial degree of freedom, which we choose
to be the linear density field ”in, with associated power spectrum

+
”in(k)”in(kÕ)

,
= (2fi)3

”
[3]
D (k + kÕ) PL(k). (3.1)

In the index notation given above, this can alternatively be written as
e
”

i

in”
j

in
f

= P
ij

L = ”
ij

PL(ki). (3.2)

Thus, we replace the „in = (”in, ◊in) of [2] with ”in.
We now introduce a momentum-space cuto� �, such that

e
”

i

in,�”
j

in,�

f
= P

ij

L,�. (3.3)

(...)
The partition function at the scale � for a general tracer of LSS can then be written as

Z�[J�] =
⁄

D”in,� exp
5

≠ 1
2”

i

in,�
1
P

≠1
L,�

2

ij
”

j

in,�

+ J�,i

Œÿ

m=1

1
m!K

i

i1...im
(�)”i1

in,� · · · ”
im
in,�

+ 1
2J�,iJ�,j

Œÿ

m=0

1
m!K

ij

i1...im
(�)”i1

in,� · · · ”
im
in,�

+ 1
6J�,iJ�,jJ�,k

Œÿ

m=0

1
m!K

ijk

i1...im
(�)”i1

in,� · · · ”
im
in,� + . . .

6
. (3.4)

Here, we have indicated explicitly that the current J� only has support up to �. The general
interaction kernels can be understood as follows. First, the kernels K

i
i1...im

(�) correspond to
the “deterministic” prediction for the tracer:

”
i

g,det,�[”in,�] =
Œÿ

m=1

1
m!K

i

i1...im
(�)”i1

in,� · · · ”
im
in,�. (3.5)

For example, if we specialize to the matter density field ”m,�, then

matter: 1
m!K

i

i1...im
(�) = F

SPT
m (ki1 , . . .kim) + F

c.t.
m,�(ki1 , . . .kim), (3.6)

where F
SPT
m denotes the usual (cuto�-independent) m-th order SPT kernel, and F

c.t.
m,� is the

�-dependent counterterm contribution, which starts at m = 1 with the e�ective sound speed.
For biased tracers, the K

i
...(�) are directly connected to the bias expansion:

tracers: 1
m!K

i

i1...im
(�) =

mÿ

n=1

ÿ

O[n]

bO(�)F O

m(ki1 , . . .kim), (3.7)

where F
O
m(ki1 , . . .kim) denotes the kernel associated with the m-th order expansion of the

operator O[”in] in perturbation theory (for example, for O = ”m, F
O
m = Fm). Note that

at m-th order, all operators which start at order n Æ m are to be included. The cuto�

– 2 –

growing mode, it is su�cient to consider a single initial degree of freedom, which we choose
to be the linear density field ”in, with associated power spectrum

+
”in(k)”in(kÕ)

,
= (2fi)3

”
[3]
D (k + kÕ) PL(k). (3.1)

In the index notation given above, this can alternatively be written as
e
”

i

in”
j

in
f

= P
ij

L = ”
ij

PL(ki). (3.2)

Thus, we replace the „in = (”in, ◊in) of [2] with ”in.
We now introduce a momentum-space cuto� �, such that

e
”

i

in,�”
j

in,�

f
= P

ij

L,�. (3.3)

(...)
The partition function at the scale � for a general tracer of LSS can then be written as

Z�[J�] =
⁄

D”in,� exp
5

≠ 1
2”

i

in,�
1
P

≠1
L,�

2

ij
”

j

in,�

+ J�,i

Œÿ

m=1

1
m!K

i

i1...im
(�)”i1

in,� · · · ”
im
in,�

+ 1
2J�,iJ�,j

Œÿ

m=0

1
m!K

ij

i1...im
(�)”i1

in,� · · · ”
im
in,�

+ 1
6J�,iJ�,jJ�,k

Œÿ

m=0

1
m!K

ijk

i1...im
(�)”i1

in,� · · · ”
im
in,� + . . .

6
. (3.4)

Here, we have indicated explicitly that the current J� only has support up to �. The general
interaction kernels can be understood as follows. First, the kernels K

i
i1...im

(�) correspond to
the “deterministic” prediction for the tracer:

”
i

g,det,�[”in,�] =
Œÿ

m=1

1
m!K

i

i1...im
(�)”i1

in,� · · · ”
im
in,�. (3.5)

For example, if we specialize to the matter density field ”m,�, then

matter: 1
m!K

i

i1...im
(�) = F

SPT
m (ki1 , . . .kim) + F

c.t.
m,�(ki1 , . . .kim), (3.6)

where F
SPT
m denotes the usual (cuto�-independent) m-th order SPT kernel, and F

c.t.
m,� is the

�-dependent counterterm contribution, which starts at m = 1 with the e�ective sound speed.
For biased tracers, the K

i
...(�) are directly connected to the bias expansion:

tracers: 1
m!K

i

i1...im
(�) =

mÿ

n=1

ÿ

O[n]

bO(�)F O

m(ki1 , . . .kim), (3.7)

where F
O
m(ki1 , . . .kim) denotes the kernel associated with the m-th order expansion of the

operator O[”in] in perturbation theory (for example, for O = ”m, F
O
m = Fm). Note that

at m-th order, all operators which start at order n Æ m are to be included. The cuto�

– 2 –

;



B. Inference: Field-level and LFI



• Given cosmological parameters θ, we can 
hope to predict 

1. Statistics of initial conditions

2. How a given          evolves into the final 
density field

�in(x)
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A broad view of 
cosmology inference



• Given cosmological parameters θ, we can 
hope to predict 

1. Statistics of initial conditions

2. How a given          evolves into the final 
density field
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• Given cosmological parameters θ, we can 
hope to predict 

1. Statistics of initial conditions
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Prior

deterministic evolution
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A broad view of 
cosmology inference



• The full posterior of cosmological parameters given 
the data is then given by

Bayesian cosmology 
inference
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• The full posterior of cosmological parameters given 
the data is then given by

Bayesian cosmology 
inference

Multivariate Gaussian, diagonal 
covariance in Fourier space
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• The full posterior of cosmological parameters given 
the data is then given by

Bayesian cosmology 
inference

conditional probability of galaxy density given matter density
- contains all physics of galaxy formation
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• The full posterior of cosmological parameters given 
the data is then given by

Functional integral

Bayesian cosmology 
inference
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Bayesian cosmology 
inference

• Standard approach proceeds via data compression: replace 
galaxy density field with much smaller data vector (e.g., power 
spectrum in bins of k)

• Then, the functional integral over initial conditions (taking 
ensemble average) is done either

• semi-analytically (loop integrals in PT / EFT approach - 
formally, sending Λ to infinity)

• numerically (emulators based on many simulations)
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Bayesian cosmology 
inference

• Standard approach proceeds via data compression: replace 
galaxy density field with much smaller data vector (e.g., power 
spectrum in bins of k)

• Then, the functional integral over initial conditions (a.k.a 
taking ensemble average) is done either

• semi-analytically (loop integrals in PT / EFT approach - 
formally, sending Λ to infinity)

• numerically (emulators based on ensemble of simulations)
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Bayesian cosmology 
inference

• Can we make progress without this (lossy) data 
compression?
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Inference beyond the 
power spectrum

• Yes - basically by doing a Markov Chain Monte Carlo:

• Discretize field on grid

• Draw initial conditions from prior

• Forward-evolve using gravity

• Compare with data and repeat

• Challenge: even with coarse resolution, have to sample many 
millions of parameters

• Key: Hamiltonian Monte Carlo
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Inference beyond the 
power spectrum

• Yes - basically by doing a Markov Chain Monte Carlo:

• Discretize field on grid/lattice (Nyquist frequency = cutoff Λ)

• Draw initial conditions from prior

• Forward-evolve using gravity

• Compare with data and repeat

• Challenge: even with coarse resolution, have to sample many 
millions of parameters

• Key: Hamiltonian Monte Carlo
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Inference beyond the 
power spectrum

• Yes - basically by doing a Markov Chain Monte Carlo:

• Discretize field on grid/lattice (Nyquist frequency = cutoff Λ)

• Draw initial conditions from prior

• Forward-evolve using gravity

• Compare with data and repeat

• Challenge: even with coarse resolution, have to sample many 
millions of parameters

• Key: Hamiltonian Monte Carlo
Kitaura & Ensslin, Jasche & Wandelt, Wang, Mo et al, Seljak et al, Jasche & Lavaux (2017), …

• Lots of interest in this approach recently
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• Putting numerical challenges aside, we need an 
expression for the field-level galaxy likelihood:

• conditional probability of galaxy density given 
matter density

The galaxy likelihood
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EFT likelihood
• Combining knowledge about bias and stochasticity, we can 

write:

• and insert                         into the Gaussian PDF for ε:

• Direct consequence of perturbative expansion

• Can derive this from the effective action for δg via a functional 
Fourier transform

FS, Elsner, et al; 1808:02002
Cabass, FS; 1909.04022

�g(k) = �g,det(k) + "(k)

�g,det(k) =
X

O

bOO(k)
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EFT likelihood from the 
partition function

• Goal: obtain joint likelihood for galaxy 
density modes below cutoff,                .

• Given by functional Fourier transform of 
partition function:

dependence is completely encoded in the bias coe�cients bO(�), thanks to the completeness,
order by order, of the bias expansion.

The significance of the kernels K
ij
... , K

ijk
... becomes clear when we derive n-point correla-

tion functions: [FS: Illustrate connection to n-point functions and relevance of nonlinear-in-J
terms = stochasticity.]

By taking the derivative of Z�[J�] with respect to �, one can derive RG equations for
the kernel K

i...
... (�) [2]. In particular, these imply that the terms nonlinear in currents, i.e.

K
ij
...(�), K

ijk
... (�), . . ., are induced by the RG flow even if initially not present.

That is, in the EFT of LSS we are in general forced to introduce stochastic contributions.
While [2] focused on the matter density field, Eq. (3.4) and its associated RG flow are
completely general. The di�erence is that, due to the symmetries of the kernels K

i
i1...im

which are inherited from mass and momentum conservation,

K
ij = k

4
”

ij◊const for matter, while for non-conserved tracers, K
ij = ”

ij◊
1
const + constÕ

k
2 + . . .

2
.

(3.8)
Clearly, stochasticity is much more important on large scales.

[FS: RG flow: what to discuss here TBD.]

4 The posterior (likelihood)

We are interested in deriving the posterior P�[”̂g,�] for the galaxy density field at the cuto�
�; note that ”̂g,� represents the point in field space at which we evaluate the posterior, while
”g,� represents the random field itself. By representing the Dirac delta functional in Fourier
space, we obtain

P�[”̂g,�] =
e
”

[Œ]
D (”g,� ≠ ”̂g,�)
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e
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The last equality can be shown via a formal Taylor expansion:
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---
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= (Z�[0])≠1
Z�[iX�]. (4.2)

Let us now insert Eq. (3.4), but restrict to terms up to second order in the current, i.e.

– 3 –

Cabass, FS; 1909.04022
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• We obtain the desired conditional 
probability for    in Fourier space:

with

, �2(k) = �2
0 + �2

2k
2 + �2

4k
4

<latexit sha1_base64="ZMWwVTAoHZe9QRSuEg3EvnnBNYQ="></latexit><latexit sha1_base64="ZMWwVTAoHZe9QRSuEg3EvnnBNYQ="></latexit><latexit sha1_base64="ZMWwVTAoHZe9QRSuEg3EvnnBNYQ="></latexit><latexit sha1_base64="ZMWwVTAoHZe9QRSuEg3EvnnBNYQ="></latexit>

�g(k)� �g,det(k) = "(k)

�g,det(k) =
X

O

bOO(k)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

FS, Elsner, et al; 1808:02002
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Finite volume in actual data 
-> discrete Fourier representation
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Finite volume in actual data 
-> discrete Fourier representation



• We obtain the desired conditional 
probability for    in Fourier space:
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<latexit sha1_base64="iBLNMYWeUhT/IvO9+282dRAupkI="></latexit>

�(1)⇤

<latexit sha1_base64="YKx+joce7+zqA6FYCtglhyOyuoY="></latexit>

lnP

<latexit sha1_base64="lw1yLcGv9rEbz9bNqocPfDwfLwk="></latexit>

LPT

<latexit sha1_base64="9QsWx/YSFB/zhUutYmq2F4h8F3s="></latexit>

x = q + s
<latexit sha1_base64="OoNgfNz6yfWq/kkUrvZHvHlmsCk="></latexit>

{M (n)},
{OL}

<latexit sha1_base64="KoNUokwFgW0KxT3b9rLS7nf/+XE="></latexit>

{O}
<latexit sha1_base64="Q5vvGJU1roU4Lk8HAWpeywhKYu8="></latexit>

{Ored}
<latexit sha1_base64="C7cLky1bCpFLxR6pI8wyMvv27MA="></latexit>�

<latexit sha1_base64="L/1au3AjfcmJ41n7JLnnvGUNRfc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx5EKvQL2rVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhjdTvzmiSrNI1sw4pr7AfclCRrCxkn/f7T+mHSXQXbU26RZLbtmdAS0TLyMlyFDtFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR29ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmiaAekxRYvjYEkwUs7ciMsAKE2NzKtgQvMWXl0njrOxdlM8fzkuV6yyOPBzBMZyCB5dQgVuoQh0IPMEzvMKbM3JenHfnY96ac7KZQ/gD5/MHLeiRug==</latexit>

NLPT
g

<latexit sha1_base64="vEOqkiB5QHM8CedmNv5Dp2DkRBg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LIniSCvYD2rVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhtdTvzmiSrNIPphxTH2B+5KFjGBjJf+u239MO0qgm4RPusWSW3ZnQMvEy0gJMtS6xa9OLyKJoNIQjrVue25s/BQrwwink0In0TTGZIj7tG2pxIJqP50dPUEnVumhMFK2pEEz9fdEioXWYxHYToHNQC96U/E/r52Y8NJPmYwTQyWZLwoTjkyEpgmgHlOUGD62BBPF7K2IDLDCxNicCjYEb/HlZdI4K3vn5cp9pVS9yuLIwxEcwyl4cAFVuIUa1IHAEzzDK7w5I+fFeXc+5q05J5s5hD9wPn8AgA2R8A==</latexit>

NEul
g

<latexit sha1_base64="ACWIzk9+qH87zSuBcxQRxYT8Mcs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjQuRCvYBbSyTyaQdOpnEmUmhhH6HGxeKuPVj3Pk3TtsstPXAwOGcc7l3jp9wprTjfFuFldW19Y3iZmlre2d3z94/aKo4lYQ2SMxj2faxopwJ2tBMc9pOJMWRz2nLH15P/daISsVi8aDHCfUi3BcsZARrI3l3vf5j1r01+QBPenbZqTgzoGXi5qQMOeo9+6sbxCSNqNCEY6U6rpNoL8NSM8LppNRNFU0wGeI+7RgqcESVl82OnqATowQojKV5QqOZ+nsiw5FS48g3yQjrgVr0puJ/XifV4aWXMZGkmgoyXxSmHOkYTRtAAZOUaD42BBPJzK2IDLDERJueSqYEd/HLy6R5VnHPK9X7arl2lddRhCM4hlNw4QJqcAN1aACBJ3iGV3izRtaL9W59zKMFK585hD+wPn8AqruSDA==</latexit>

N⇤
g

<latexit sha1_base64="ACWIzk9+qH87zSuBcxQRxYT8Mcs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjQuRCvYBbSyTyaQdOpnEmUmhhH6HGxeKuPVj3Pk3TtsstPXAwOGcc7l3jp9wprTjfFuFldW19Y3iZmlre2d3z94/aKo4lYQ2SMxj2faxopwJ2tBMc9pOJMWRz2nLH15P/daISsVi8aDHCfUi3BcsZARrI3l3vf5j1r01+QBPenbZqTgzoGXi5qQMOeo9+6sbxCSNqNCEY6U6rpNoL8NSM8LppNRNFU0wGeI+7RgqcESVl82OnqATowQojKV5QqOZ+nsiw5FS48g3yQjrgVr0puJ/XifV4aWXMZGkmgoyXxSmHOkYTRtAAZOUaD42BBPJzK2IDLDERJueSqYEd/HLy6R5VnHPK9X7arl2lddRhCM4hlNw4QJqcAN1aACBJ3iGV3izRtaL9W59zKMFK585hD+wPn8AqruSDA==</latexit>

N⇤
g

<latexit sha1_base64="MbXpWdpz0Yh4QBmKr7ZZRzX59jY=">AAACDnicbVC7TsMwFHXKq4RXgZHFoqrEVCUVAsYKFsYi0YfURJXj3LRWHSeyHaQq6hew8CssDCDEyszG3+C2GaDlSJaOz7nXvvcEKWdKO863VVpb39jcKm/bO7t7+weVw6OOSjJJoU0TnsheQBRwJqCtmebQSyWQOODQDcY3M7/7AFKxRNzrSQp+TIaCRYwSbaRBpeZREBokE0PbEwkTobnioWSh59kSwowu6qpO3ZkDrxK3IFVUoDWofHlhQrPYPEY5UarvOqn2cyI1oxymtpcpSAkdkyH0DRUkBuXn83WmuGaUEEeJNMcMM1d/d+QkVmoSB6YyJnqklr2Z+J/Xz3R05edMpJkGQRcfRRnHOsGzbHDIJFDNJ4YQKpmZFdMRkYSagJRtQnCXV14lnUbdvaif3zWqzesijjI6QafoDLnoEjXRLWqhNqLoET2jV/RmPVkv1rv1sSgtWUXPMfoD6/MHa02cWQ==</latexit>

grid
reduction

<latexit sha1_base64="UDO6o3k8gHHhTdGv/L2R15f6U5Y=">AAACF3icbVDLSgMxFM34rONr1KWbYBFclZki6rLoxmUF+4BOKZnMnTY0kwxJRiilf+HGX3HjQhG3uvNvTNtZaOuBwLnnPnLviTLOtPH9b2dldW19Y7O05W7v7O7teweHTS1zRaFBJZeqHRENnAloGGY4tDMFJI04tKLhzTTfegClmRT3ZpRBNyV9wRJGibFSz6uEFIQBxUTfDYVkIrYhThi3GsRh6E4HE4WtrJkZ9byyX/FnwMskKEgZFaj3vK8wljRP7VTKidadwM9Md0yUYZTDxA1zDRmhQ9KHjqWCpKC749ldE3xqlRgnUtlnt5qpvzvGJNV6lEa2MiVmoBdzU/G/XCc3yVV3zESWGxB0/lGSc2wknpqEY6aAGj6yhFDF7K6YDogi1LqiXWtCsHjyMmlWK8FF5fyuWq5dF3aU0DE6QWcoQJeohm5RHTUQRY/oGb2iN+fJeXHenY956YpT9ByhP3A+fwCJ2KAq</latexit>

filtered
linear density

<latexit sha1_base64="nYxjZDg4GFiE16l3o3Fs3rCUJ7A=">AAACFnicbVDLSgMxFM34rOOr6tJNsAhuLDMi6rLoxoWLCvYBnVLuZO6MwUxmSDJCKf0KN/6KGxeKuBV3/o3pY6HVA4GTc+5N7j1hLrg2nvflzM0vLC4tl1bc1bX1jc3y1nZTZ4Vi2GCZyFQ7BI2CS2wYbgS2c4WQhgJb4d3FyG/do9I8kzemn2M3hUTymDMwVuqVDwOG0qDiMnEDmXEZ2Su9gkSBTDjIIHBDDprGHEWke+WKV/XGoH+JPyUVMkW9V/4MoowVqX2UCdC643u56Q5AGc4EDt2g0JgDu4MEO5ZKSFF3B+O1hnTfKhGNM2WPHWqs/uwYQKp1Pw1tZQrmVs96I/E/r1OY+Kw74DIvDEo2+SguBDUZHWVEI66QGdG3BJjidlbKbkEBs0Fp14bgz678lzSPqv5J9fj6qFI7n8ZRIrtkjxwQn5ySGrkkddIgjDyQJ/JCXp1H59l5c94npXPOtGeH/ILz8Q0svZ9g</latexit>

Lagrangian
bias fields

<latexit sha1_base64="X2LbKm5VSX7FqeDIVmyu60ASiWg=">AAACFHicbVDLSgMxFM34rONr1KWbYBEEocwUUZdFEVxWsA/oDCWTudOGZjJDkhFK6Ue48VfcuFDErQt3/o1pOwttPRA4Oefe5N4TZpwp7brf1tLyyuraemnD3tza3tl19vabKs0lhQZNeSrbIVHAmYCGZppDO5NAkpBDKxxcT/zWA0jFUnGvhxkECekJFjNKtJG6zqlPQWiQTPRsX6RMROaKb3JuJCJ83w4ZUThmwCPVdcpuxZ0CLxKvIGVUoN51vvwopXlinqScKNXx3EwHIyI1oxzGtp8ryAgdkB50DBUkARWMpkuN8bFRIhyn0hwz0lT93TEiiVLDJDSVCdF9Ne9NxP+8Tq7jy2DERJZrEHT2UZxzrFM8SQhHTALVfGgIoZKZWTHtE0moiUnZJgRvfuVF0qxWvPPK2V21XLsq4iihQ3SETpCHLlAN3aI6aiCKHtEzekVv1pP1Yr1bH7PSJavoOUB/YH3+AJ+lno0=</latexit>

Eulerian
bias fields

<latexit sha1_base64="K+b17c/ZNQ5eZKmPTvFah6DxN78=">AAACGHicbVDLSgMxFM3U9/gadekmWAQ31pkiKq5EUVxWsCp0hpLJ3GlDM8mQZJRS/Aw3/oobF4q4deffmD4W2nohcO65j5x74pwzbXz/2ylNTc/Mzs0vuItLyyur3tr6jZaFolCnkkt1FxMNnAmoG2Y43OUKSBZzuI07Z/367T0ozaS4Nt0cooy0BEsZJcZSTW8vpCAMKCZabigkE4lN8fnF9W5/axKGbirVA1EJzmQC/Ljplf2KPwg8CYIRKKNR1JreV5hIWmR2LeVE60bg5ybqEWUY5fDohoWGnNAOaUHDQkEy0FFvcNgj3rZMgq0C+6ysAft7okcyrbtZbDszYtp6vNYn/6s1CpMeRT0m8sKAoMOP0oJjI3HfJZwwBdTwrgWEKma1YtomilBrlXatCcH4yZPgploJDir7V9XyyenIjnm0ibbQDgrQITpBl6iG6oiiJ/SC3tC78+y8Oh/O57C15IxmNtCfcL5+APJwn7U=</latexit>

EFT-based
forward model:

<latexit sha1_base64="FStJ2Qa1S8rnu1Sqvh8SCzFAYGk=">AAACIHicbVDLSgMxFM34dnyNunQTLIKrMlPEuiyK4FLBPqBTyp3MnTY0kxmSjFCKn+LGX3HjQhHd6deY1i609UDg5Jx7k3tPlAuuje9/OguLS8srq2vr7sbm1vaOt7vX0FmhGNZZJjLVikCj4BLrhhuBrVwhpJHAZjS4GPvNO1SaZ/LWDHPspNCTPOEMjJW6XjVkKA0qLntuKDMuY3ull4WwEsgwdCMOmoKMqTU1WiHhKGLd9Up+2Z+AzpNgSkpkiuuu9xHGGStS+zwToHU78HPTGYEynAm8d8NCYw5sAD1sWyohRd0ZTRa8p0dWiWmSKXvseBP1d8cIUq2HaWQrUzB9PeuNxf+8dmGSs86Iy7wwKNnPR0khqMnoOC0ac4XMiKElwBS3s1LWBwXMRqZdG0Iwu/I8aVTKwWn55KZSqp1P41gjB+SQHJOAVEmNXJFrUieMPJAn8kJenUfn2Xlz3n9KF5xpzz75A+frG5R9ozg=</latexit>

Eulerian
bias and noise

fields
<latexit sha1_base64="KpMvwyRlU1ZrUugdvO26KMMtOwk=">AAACCHicbVC7TsMwFHXKq4RXgJGBiAqJqUoqBIwVLIxFog+piSrHuW2tOnZkO0hV1JGFX2FhACFWPoGNv8FtM0DLkSyde+7D954oZVRpz/u2Siura+sb5U17a3tnd8/ZP2gpkUkCTSKYkJ0IK2CUQ1NTzaCTSsBJxKAdjW6m+fYDSEUFv9fjFMIEDzjtU4K1kXrOcUCAa5CUD+yAC8pjE7qMjszEoRBxz6l4VW8Gd5n4BamgAo2e8xXEgmSJGUMYVqrre6kOcyw1JQwmdpApSDEZ4QF0DeU4ARXms0Mm7qlRYrcvpHlmjZn6uyPHiVLjJDKVCdZDtZibiv/lupnuX4U55WmmgZP5R/2MuVq4U1fcmEogmo0NwURSs6tLhlhiYqxRtjHBXzx5mbRqVf+ien5Xq9SvCzvK6AidoDPko0tUR7eogZqIoEf0jF7Rm/VkvVjv1se8tGQVPYfoD6zPHx8Mmgw=</latexit>

likelihood

<latexit sha1_base64="SAJE3tyQBRrQwb2wM0i2ykcQb1s=">AAACEnicbVC7TsMwFHXKq4RXgJElokKCpUoqBIwVLIxFog+piSrHcVKrjh3ZDlIU9RtY+BUWBhBiZWLjb3DaDNByJVvH595zfe8JUkqkcpxvo7ayura+Ud80t7Z3dves/YOe5JlAuIs45WIQQIkpYbiriKJ4kAoMk4DifjC5KfP9Bywk4exe5Sn2ExgzEhEElaZG1pmHMFNYEBabHuOEhfpp60sSlXueCaUkMUs0ObIaTtOZhb0M3Ao0QBWdkfXlhRxlpRZR3WfoOqnyCygUQRRPTS+TOIVoAmM81JDBBEu/mK00tU80E9oRF/rogWbsb0UBEynzJNCVCVRjuZgryf9yw0xFV35BWJopzND8oyijtuJ26Y8dEoGRorkGEAmiZ7XRGAqItEnS1Ca4iysvg16r6V40z+9ajfZ1ZUcdHIFjcApccAna4BZ0QBcg8AiewSt4M56MF+Pd+JiX1oxKcwj+hPH5A+6jnkc=</latexit>

density
assignment

Pprior

⇣
~�in, ✓

⌘

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

θ

<latexit sha1_base64="eWrJjj1aN1IWIffssTfyX0POslw="></latexit>

{bO, �i}

Flowchart of the 
inference pipeline



<latexit sha1_base64="iBLNMYWeUhT/IvO9+282dRAupkI="></latexit>

�(1)⇤

<latexit sha1_base64="YKx+joce7+zqA6FYCtglhyOyuoY="></latexit>

lnP

<latexit sha1_base64="lw1yLcGv9rEbz9bNqocPfDwfLwk="></latexit>

LPT

<latexit sha1_base64="9QsWx/YSFB/zhUutYmq2F4h8F3s="></latexit>

x = q + s

<latexit sha1_base64="LSPU7Vi7zmOSfHIF+6AgVciHNIg="></latexit>

scalar
products

<latexit sha1_base64="FbuFCSJh2mV7BdI6fKAwNVHT/Hw="></latexit>

halo
catalog

<latexit sha1_base64="OoNgfNz6yfWq/kkUrvZHvHlmsCk="></latexit>

{M (n)},
{OL}

<latexit sha1_base64="KoNUokwFgW0KxT3b9rLS7nf/+XE="></latexit>

{O}
<latexit sha1_base64="Q5vvGJU1roU4Lk8HAWpeywhKYu8="></latexit>

{Ored}

<latexit sha1_base64="C3wjbe8fvhiv9/4pCa1Il9VgHYc="></latexit>

�g
<latexit sha1_base64="lpM881xCw4aCvdybXiQeJFR0pVw="></latexit>

�redg

<latexit sha1_base64="C7cLky1bCpFLxR6pI8wyMvv27MA="></latexit>�

<latexit sha1_base64="L/1au3AjfcmJ41n7JLnnvGUNRfc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx5EKvQL2rVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhjdTvzmiSrNI1sw4pr7AfclCRrCxkn/f7T+mHSXQXbU26RZLbtmdAS0TLyMlyFDtFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR29ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmiaAekxRYvjYEkwUs7ciMsAKE2NzKtgQvMWXl0njrOxdlM8fzkuV6yyOPBzBMZyCB5dQgVuoQh0IPMEzvMKbM3JenHfnY96ac7KZQ/gD5/MHLeiRug==</latexit>

NLPT
g

<latexit sha1_base64="vEOqkiB5QHM8CedmNv5Dp2DkRBg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LIniSCvYD2rVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhtdTvzmiSrNIPphxTH2B+5KFjGBjJf+u239MO0qgm4RPusWSW3ZnQMvEy0gJMtS6xa9OLyKJoNIQjrVue25s/BQrwwink0In0TTGZIj7tG2pxIJqP50dPUEnVumhMFK2pEEz9fdEioXWYxHYToHNQC96U/E/r52Y8NJPmYwTQyWZLwoTjkyEpgmgHlOUGD62BBPF7K2IDLDCxNicCjYEb/HlZdI4K3vn5cp9pVS9yuLIwxEcwyl4cAFVuIUa1IHAEzzDK7w5I+fFeXc+5q05J5s5hD9wPn8AgA2R8A==</latexit>

NEul
g

<latexit sha1_base64="ACWIzk9+qH87zSuBcxQRxYT8Mcs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjQuRCvYBbSyTyaQdOpnEmUmhhH6HGxeKuPVj3Pk3TtsstPXAwOGcc7l3jp9wprTjfFuFldW19Y3iZmlre2d3z94/aKo4lYQ2SMxj2faxopwJ2tBMc9pOJMWRz2nLH15P/daISsVi8aDHCfUi3BcsZARrI3l3vf5j1r01+QBPenbZqTgzoGXi5qQMOeo9+6sbxCSNqNCEY6U6rpNoL8NSM8LppNRNFU0wGeI+7RgqcESVl82OnqATowQojKV5QqOZ+nsiw5FS48g3yQjrgVr0puJ/XifV4aWXMZGkmgoyXxSmHOkYTRtAAZOUaD42BBPJzK2IDLDERJueSqYEd/HLy6R5VnHPK9X7arl2lddRhCM4hlNw4QJqcAN1aACBJ3iGV3izRtaL9W59zKMFK585hD+wPn8AqruSDA==</latexit>

N⇤
g

<latexit sha1_base64="ACWIzk9+qH87zSuBcxQRxYT8Mcs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjQuRCvYBbSyTyaQdOpnEmUmhhH6HGxeKuPVj3Pk3TtsstPXAwOGcc7l3jp9wprTjfFuFldW19Y3iZmlre2d3z94/aKo4lYQ2SMxj2faxopwJ2tBMc9pOJMWRz2nLH15P/daISsVi8aDHCfUi3BcsZARrI3l3vf5j1r01+QBPenbZqTgzoGXi5qQMOeo9+6sbxCSNqNCEY6U6rpNoL8NSM8LppNRNFU0wGeI+7RgqcESVl82OnqATowQojKV5QqOZ+nsiw5FS48g3yQjrgVr0puJ/XifV4aWXMZGkmgoyXxSmHOkYTRtAAZOUaD42BBPJzK2IDLDERJueSqYEd/HLy6R5VnHPK9X7arl2lddRhCM4hlNw4QJqcAN1aACBJ3iGV3izRtaL9W59zKMFK585hD+wPn8AqruSDA==</latexit>

N⇤
g

<latexit sha1_base64="MbXpWdpz0Yh4QBmKr7ZZRzX59jY=">AAACDnicbVC7TsMwFHXKq4RXgZHFoqrEVCUVAsYKFsYi0YfURJXj3LRWHSeyHaQq6hew8CssDCDEyszG3+C2GaDlSJaOz7nXvvcEKWdKO863VVpb39jcKm/bO7t7+weVw6OOSjJJoU0TnsheQBRwJqCtmebQSyWQOODQDcY3M7/7AFKxRNzrSQp+TIaCRYwSbaRBpeZREBokE0PbEwkTobnioWSh59kSwowu6qpO3ZkDrxK3IFVUoDWofHlhQrPYPEY5UarvOqn2cyI1oxymtpcpSAkdkyH0DRUkBuXn83WmuGaUEEeJNMcMM1d/d+QkVmoSB6YyJnqklr2Z+J/Xz3R05edMpJkGQRcfRRnHOsGzbHDIJFDNJ4YQKpmZFdMRkYSagJRtQnCXV14lnUbdvaif3zWqzesijjI6QafoDLnoEjXRLWqhNqLoET2jV/RmPVkv1rv1sSgtWUXPMfoD6/MHa02cWQ==</latexit>

grid
reduction

<latexit sha1_base64="SAJE3tyQBRrQwb2wM0i2ykcQb1s=">AAACEnicbVC7TsMwFHXKq4RXgJElokKCpUoqBIwVLIxFog+piSrHcVKrjh3ZDlIU9RtY+BUWBhBiZWLjb3DaDNByJVvH595zfe8JUkqkcpxvo7ayura+Ud80t7Z3dves/YOe5JlAuIs45WIQQIkpYbiriKJ4kAoMk4DifjC5KfP9Bywk4exe5Sn2ExgzEhEElaZG1pmHMFNYEBabHuOEhfpp60sSlXueCaUkMUs0ObIaTtOZhb0M3Ao0QBWdkfXlhRxlpRZR3WfoOqnyCygUQRRPTS+TOIVoAmM81JDBBEu/mK00tU80E9oRF/rogWbsb0UBEynzJNCVCVRjuZgryf9yw0xFV35BWJopzND8oyijtuJ26Y8dEoGRorkGEAmiZ7XRGAqItEnS1Ca4iysvg16r6V40z+9ajfZ1ZUcdHIFjcApccAna4BZ0QBcg8AiewSt4M56MF+Pd+JiX1oxKcwj+hPH5A+6jnkc=</latexit>

density
assignment

<latexit sha1_base64="UDO6o3k8gHHhTdGv/L2R15f6U5Y=">AAACF3icbVDLSgMxFM34rONr1KWbYBFclZki6rLoxmUF+4BOKZnMnTY0kwxJRiilf+HGX3HjQhG3uvNvTNtZaOuBwLnnPnLviTLOtPH9b2dldW19Y7O05W7v7O7teweHTS1zRaFBJZeqHRENnAloGGY4tDMFJI04tKLhzTTfegClmRT3ZpRBNyV9wRJGibFSz6uEFIQBxUTfDYVkIrYhThi3GsRh6E4HE4WtrJkZ9byyX/FnwMskKEgZFaj3vK8wljRP7VTKidadwM9Md0yUYZTDxA1zDRmhQ9KHjqWCpKC749ldE3xqlRgnUtlnt5qpvzvGJNV6lEa2MiVmoBdzU/G/XCc3yVV3zESWGxB0/lGSc2wknpqEY6aAGj6yhFDF7K6YDogi1LqiXWtCsHjyMmlWK8FF5fyuWq5dF3aU0DE6QWcoQJeohm5RHTUQRY/oGb2iN+fJeXHenY956YpT9ByhP3A+fwCJ2KAq</latexit>

filtered
linear density

<latexit sha1_base64="nYxjZDg4GFiE16l3o3Fs3rCUJ7A=">AAACFnicbVDLSgMxFM34rOOr6tJNsAhuLDMi6rLoxoWLCvYBnVLuZO6MwUxmSDJCKf0KN/6KGxeKuBV3/o3pY6HVA4GTc+5N7j1hLrg2nvflzM0vLC4tl1bc1bX1jc3y1nZTZ4Vi2GCZyFQ7BI2CS2wYbgS2c4WQhgJb4d3FyG/do9I8kzemn2M3hUTymDMwVuqVDwOG0qDiMnEDmXEZ2Su9gkSBTDjIIHBDDprGHEWke+WKV/XGoH+JPyUVMkW9V/4MoowVqX2UCdC643u56Q5AGc4EDt2g0JgDu4MEO5ZKSFF3B+O1hnTfKhGNM2WPHWqs/uwYQKp1Pw1tZQrmVs96I/E/r1OY+Kw74DIvDEo2+SguBDUZHWVEI66QGdG3BJjidlbKbkEBs0Fp14bgz678lzSPqv5J9fj6qFI7n8ZRIrtkjxwQn5ySGrkkddIgjDyQJ/JCXp1H59l5c94npXPOtGeH/ILz8Q0svZ9g</latexit>

Lagrangian
bias fields

<latexit sha1_base64="X2LbKm5VSX7FqeDIVmyu60ASiWg=">AAACFHicbVDLSgMxFM34rONr1KWbYBEEocwUUZdFEVxWsA/oDCWTudOGZjJDkhFK6Ue48VfcuFDErQt3/o1pOwttPRA4Oefe5N4TZpwp7brf1tLyyuraemnD3tza3tl19vabKs0lhQZNeSrbIVHAmYCGZppDO5NAkpBDKxxcT/zWA0jFUnGvhxkECekJFjNKtJG6zqlPQWiQTPRsX6RMROaKb3JuJCJ83w4ZUThmwCPVdcpuxZ0CLxKvIGVUoN51vvwopXlinqScKNXx3EwHIyI1oxzGtp8ryAgdkB50DBUkARWMpkuN8bFRIhyn0hwz0lT93TEiiVLDJDSVCdF9Ne9NxP+8Tq7jy2DERJZrEHT2UZxzrFM8SQhHTALVfGgIoZKZWTHtE0moiUnZJgRvfuVF0qxWvPPK2V21XLsq4iihQ3SETpCHLlAN3aI6aiCKHtEzekVv1pP1Yr1bH7PSJavoOUB/YH3+AJ+lno0=</latexit>

Eulerian
bias fields

<latexit sha1_base64="K+b17c/ZNQ5eZKmPTvFah6DxN78=">AAACGHicbVDLSgMxFM3U9/gadekmWAQ31pkiKq5EUVxWsCp0hpLJ3GlDM8mQZJRS/Aw3/oobF4q4deffmD4W2nohcO65j5x74pwzbXz/2ylNTc/Mzs0vuItLyyur3tr6jZaFolCnkkt1FxMNnAmoG2Y43OUKSBZzuI07Z/367T0ozaS4Nt0cooy0BEsZJcZSTW8vpCAMKCZabigkE4lN8fnF9W5/axKGbirVA1EJzmQC/Ljplf2KPwg8CYIRKKNR1JreV5hIWmR2LeVE60bg5ybqEWUY5fDohoWGnNAOaUHDQkEy0FFvcNgj3rZMgq0C+6ysAft7okcyrbtZbDszYtp6vNYn/6s1CpMeRT0m8sKAoMOP0oJjI3HfJZwwBdTwrgWEKma1YtomilBrlXatCcH4yZPgploJDir7V9XyyenIjnm0ibbQDgrQITpBl6iG6oiiJ/SC3tC78+y8Oh/O57C15IxmNtCfcL5+APJwn7U=</latexit>

EFT-based
forward model:

<latexit sha1_base64="2SzphbIr7BQLz4msvQ48Stofu0c=">AAACA3icbVDLSgMxFM34rONr1J1ugkVwVWaKqLgqunFZwT6gM5RM5k4bmskMSUYopeDGX3HjQhG3/oQ7/8a0nYW2HgicnHNvcu8JM86Udt1va2l5ZXVtvbRhb25t7+w6e/tNleaSQoOmPJXtkCjgTEBDM82hnUkgScihFQ5uJn7rAaRiqbjXwwyChPQEixkl2khd59CnIDRIJnq2L1ImInPFEdHkquuU3Yo7BV4kXkHKqEC963z5UUrzxLxAOVGq47mZDkZEakY5jG0/V5AROiA96BgqSAIqGE13GOMTo0Q4TqU5ZoKp+rtjRBKlhkloKhOi+2rem4j/eZ1cx5fBiIks1yDo7KM451ineBIIjpgEqvnQEEIlM7Ni2ieSUJOKsk0I3vzKi6RZrXjnlbO7arl2XcRRQkfoGJ0iD12gGrpFddRAFD2iZ/SK3qwn68V6tz5mpUtW0XOA/sD6/AGsvJeK</latexit>

data:

<latexit sha1_base64="FStJ2Qa1S8rnu1Sqvh8SCzFAYGk=">AAACIHicbVDLSgMxFM34dnyNunQTLIKrMlPEuiyK4FLBPqBTyp3MnTY0kxmSjFCKn+LGX3HjQhHd6deY1i609UDg5Jx7k3tPlAuuje9/OguLS8srq2vr7sbm1vaOt7vX0FmhGNZZJjLVikCj4BLrhhuBrVwhpJHAZjS4GPvNO1SaZ/LWDHPspNCTPOEMjJW6XjVkKA0qLntuKDMuY3ull4WwEsgwdCMOmoKMqTU1WiHhKGLd9Up+2Z+AzpNgSkpkiuuu9xHGGStS+zwToHU78HPTGYEynAm8d8NCYw5sAD1sWyohRd0ZTRa8p0dWiWmSKXvseBP1d8cIUq2HaWQrUzB9PeuNxf+8dmGSs86Iy7wwKNnPR0khqMnoOC0ac4XMiKElwBS3s1LWBwXMRqZdG0Iwu/I8aVTKwWn55KZSqp1P41gjB+SQHJOAVEmNXJFrUieMPJAn8kJenUfn2Xlz3n9KF5xpzz75A+frG5R9ozg=</latexit>

Eulerian
bias and noise

fields

<latexit sha1_base64="MbXpWdpz0Yh4QBmKr7ZZRzX59jY=">AAACDnicbVC7TsMwFHXKq4RXgZHFoqrEVCUVAsYKFsYi0YfURJXj3LRWHSeyHaQq6hew8CssDCDEyszG3+C2GaDlSJaOz7nXvvcEKWdKO863VVpb39jcKm/bO7t7+weVw6OOSjJJoU0TnsheQBRwJqCtmebQSyWQOODQDcY3M7/7AFKxRNzrSQp+TIaCRYwSbaRBpeZREBokE0PbEwkTobnioWSh59kSwowu6qpO3ZkDrxK3IFVUoDWofHlhQrPYPEY5UarvOqn2cyI1oxymtpcpSAkdkyH0DRUkBuXn83WmuGaUEEeJNMcMM1d/d+QkVmoSB6YyJnqklr2Z+J/Xz3R05edMpJkGQRcfRRnHOsGzbHDIJFDNJ4YQKpmZFdMRkYSagJRtQnCXV14lnUbdvaif3zWqzesijjI6QafoDLnoEjXRLWqhNqLoET2jV/RmPVkv1rv1sSgtWUXPMfoD6/MHa02cWQ==</latexit>

grid
reduction

<latexit sha1_base64="KpMvwyRlU1ZrUugdvO26KMMtOwk=">AAACCHicbVC7TsMwFHXKq4RXgJGBiAqJqUoqBIwVLIxFog+piSrHuW2tOnZkO0hV1JGFX2FhACFWPoGNv8FtM0DLkSyde+7D954oZVRpz/u2Siura+sb5U17a3tnd8/ZP2gpkUkCTSKYkJ0IK2CUQ1NTzaCTSsBJxKAdjW6m+fYDSEUFv9fjFMIEDzjtU4K1kXrOcUCAa5CUD+yAC8pjE7qMjszEoRBxz6l4VW8Gd5n4BamgAo2e8xXEgmSJGUMYVqrre6kOcyw1JQwmdpApSDEZ4QF0DeU4ARXms0Mm7qlRYrcvpHlmjZn6uyPHiVLjJDKVCdZDtZibiv/lupnuX4U55WmmgZP5R/2MuVq4U1fcmEogmo0NwURSs6tLhlhiYqxRtjHBXzx5mbRqVf+ien5Xq9SvCzvK6AidoDPko0tUR7eogZqIoEf0jF7Rm/VkvVjv1se8tGQVPYfoD6zPHx8Mmgw=</latexit>

likelihood

<latexit sha1_base64="SAJE3tyQBRrQwb2wM0i2ykcQb1s=">AAACEnicbVC7TsMwFHXKq4RXgJElokKCpUoqBIwVLIxFog+piSrHcVKrjh3ZDlIU9RtY+BUWBhBiZWLjb3DaDNByJVvH595zfe8JUkqkcpxvo7ayura+Ud80t7Z3dves/YOe5JlAuIs45WIQQIkpYbiriKJ4kAoMk4DifjC5KfP9Bywk4exe5Sn2ExgzEhEElaZG1pmHMFNYEBabHuOEhfpp60sSlXueCaUkMUs0ObIaTtOZhb0M3Ao0QBWdkfXlhRxlpRZR3WfoOqnyCygUQRRPTS+TOIVoAmM81JDBBEu/mK00tU80E9oRF/rogWbsb0UBEynzJNCVCVRjuZgryf9yw0xFV35BWJopzND8oyijtuJ26Y8dEoGRorkGEAmiZ7XRGAqItEnS1Ca4iysvg16r6V40z+9ajfZ1ZUcdHIFjcApccAna4BZ0QBcg8AiewSt4M56MF+Pd+JiX1oxKcwj+hPH5A+6jnkc=</latexit>

density
assignment

<latexit sha1_base64="ACWIzk9+qH87zSuBcxQRxYT8Mcs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjQuRCvYBbSyTyaQdOpnEmUmhhH6HGxeKuPVj3Pk3TtsstPXAwOGcc7l3jp9wprTjfFuFldW19Y3iZmlre2d3z94/aKo4lYQ2SMxj2faxopwJ2tBMc9pOJMWRz2nLH15P/daISsVi8aDHCfUi3BcsZARrI3l3vf5j1r01+QBPenbZqTgzoGXi5qQMOeo9+6sbxCSNqNCEY6U6rpNoL8NSM8LppNRNFU0wGeI+7RgqcESVl82OnqATowQojKV5QqOZ+nsiw5FS48g3yQjrgVr0puJ/XifV4aWXMZGkmgoyXxSmHOkYTRtAAZOUaD42BBPJzK2IDLDERJueSqYEd/HLy6R5VnHPK9X7arl2lddRhCM4hlNw4QJqcAN1aACBJ3iGV3izRtaL9W59zKMFK585hD+wPn8AqruSDA==</latexit>

N⇤
g

Pprior

⇣
~�in, ✓

⌘

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="eWrJjj1aN1IWIffssTfyX0POslw="></latexit>

{bO, �i}

Flowchart of the 
inference pipeline

θ



<latexit sha1_base64="iBLNMYWeUhT/IvO9+282dRAupkI="></latexit>

�(1)⇤

<latexit sha1_base64="YKx+joce7+zqA6FYCtglhyOyuoY="></latexit>

lnP

<latexit sha1_base64="lw1yLcGv9rEbz9bNqocPfDwfLwk="></latexit>

LPT

<latexit sha1_base64="9QsWx/YSFB/zhUutYmq2F4h8F3s="></latexit>

x = q + s
<latexit sha1_base64="OoNgfNz6yfWq/kkUrvZHvHlmsCk="></latexit>

{M (n)},
{OL}

<latexit sha1_base64="KoNUokwFgW0KxT3b9rLS7nf/+XE="></latexit>

{O}
<latexit sha1_base64="Q5vvGJU1roU4Lk8HAWpeywhKYu8="></latexit>

{Ored}
<latexit sha1_base64="C7cLky1bCpFLxR6pI8wyMvv27MA="></latexit>�

<latexit sha1_base64="L/1au3AjfcmJ41n7JLnnvGUNRfc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx5EKvQL2rVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhjdTvzmiSrNI1sw4pr7AfclCRrCxkn/f7T+mHSXQXbU26RZLbtmdAS0TLyMlyFDtFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR29ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmiaAekxRYvjYEkwUs7ciMsAKE2NzKtgQvMWXl0njrOxdlM8fzkuV6yyOPBzBMZyCB5dQgVuoQh0IPMEzvMKbM3JenHfnY96ac7KZQ/gD5/MHLeiRug==</latexit>

NLPT
g

<latexit sha1_base64="vEOqkiB5QHM8CedmNv5Dp2DkRBg=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LIniSCvYD2rVk02wbmmTXJFsoS3+HFw+KePXHePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhtdTvzmiSrNIPphxTH2B+5KFjGBjJf+u239MO0qgm4RPusWSW3ZnQMvEy0gJMtS6xa9OLyKJoNIQjrVue25s/BQrwwink0In0TTGZIj7tG2pxIJqP50dPUEnVumhMFK2pEEz9fdEioXWYxHYToHNQC96U/E/r52Y8NJPmYwTQyWZLwoTjkyEpgmgHlOUGD62BBPF7K2IDLDCxNicCjYEb/HlZdI4K3vn5cp9pVS9yuLIwxEcwyl4cAFVuIUa1IHAEzzDK7w5I+fFeXc+5q05J5s5hD9wPn8AgA2R8A==</latexit>

NEul
g

<latexit sha1_base64="ACWIzk9+qH87zSuBcxQRxYT8Mcs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjQuRCvYBbSyTyaQdOpnEmUmhhH6HGxeKuPVj3Pk3TtsstPXAwOGcc7l3jp9wprTjfFuFldW19Y3iZmlre2d3z94/aKo4lYQ2SMxj2faxopwJ2tBMc9pOJMWRz2nLH15P/daISsVi8aDHCfUi3BcsZARrI3l3vf5j1r01+QBPenbZqTgzoGXi5qQMOeo9+6sbxCSNqNCEY6U6rpNoL8NSM8LppNRNFU0wGeI+7RgqcESVl82OnqATowQojKV5QqOZ+nsiw5FS48g3yQjrgVr0puJ/XifV4aWXMZGkmgoyXxSmHOkYTRtAAZOUaD42BBPJzK2IDLDERJueSqYEd/HLy6R5VnHPK9X7arl2lddRhCM4hlNw4QJqcAN1aACBJ3iGV3izRtaL9W59zKMFK585hD+wPn8AqruSDA==</latexit>

N⇤
g

<latexit sha1_base64="ACWIzk9+qH87zSuBcxQRxYT8Mcs=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjQuRCvYBbSyTyaQdOpnEmUmhhH6HGxeKuPVj3Pk3TtsstPXAwOGcc7l3jp9wprTjfFuFldW19Y3iZmlre2d3z94/aKo4lYQ2SMxj2faxopwJ2tBMc9pOJMWRz2nLH15P/daISsVi8aDHCfUi3BcsZARrI3l3vf5j1r01+QBPenbZqTgzoGXi5qQMOeo9+6sbxCSNqNCEY6U6rpNoL8NSM8LppNRNFU0wGeI+7RgqcESVl82OnqATowQojKV5QqOZ+nsiw5FS48g3yQjrgVr0puJ/XifV4aWXMZGkmgoyXxSmHOkYTRtAAZOUaD42BBPJzK2IDLDERJueSqYEd/HLy6R5VnHPK9X7arl2lddRhCM4hlNw4QJqcAN1aACBJ3iGV3izRtaL9W59zKMFK585hD+wPn8AqruSDA==</latexit>

N⇤
g

<latexit sha1_base64="MbXpWdpz0Yh4QBmKr7ZZRzX59jY=">AAACDnicbVC7TsMwFHXKq4RXgZHFoqrEVCUVAsYKFsYi0YfURJXj3LRWHSeyHaQq6hew8CssDCDEyszG3+C2GaDlSJaOz7nXvvcEKWdKO863VVpb39jcKm/bO7t7+weVw6OOSjJJoU0TnsheQBRwJqCtmebQSyWQOODQDcY3M7/7AFKxRNzrSQp+TIaCRYwSbaRBpeZREBokE0PbEwkTobnioWSh59kSwowu6qpO3ZkDrxK3IFVUoDWofHlhQrPYPEY5UarvOqn2cyI1oxymtpcpSAkdkyH0DRUkBuXn83WmuGaUEEeJNMcMM1d/d+QkVmoSB6YyJnqklr2Z+J/Xz3R05edMpJkGQRcfRRnHOsGzbHDIJFDNJ4YQKpmZFdMRkYSagJRtQnCXV14lnUbdvaif3zWqzesijjI6QafoDLnoEjXRLWqhNqLoET2jV/RmPVkv1rv1sSgtWUXPMfoD6/MHa02cWQ==</latexit>
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Figure 5. Contour plots for the case where the cosmological parameter ↵ is fixed. Blue and purple
contourns correspond to the models where the data vector is sampled from a Gaussian with analytical
and sample covariance, respectively. The red lines show the results when the full data vector is used.
For all cases, the method NPE was used from a simulation budget of Nsim = 105.

4.2.1 Fixed cosmology: impact of the likelihood form

We start with the case where ↵ is fixed to unity, while all the first and second order bias
and noise parameters are sampled. We name as full the forward model where the mea-
sured spectra from LEFTfield are used directly for posterior estimation. We again com-
pare the results to a Gaussian likelihood model, where we generate samples from the data
vector as xn ⇠ N (hxni,Cov[x̄]), where hxni [FS: Use x̄ as above in Gaussian likelihood?]
denotes the mean of the data vector over initial conditions realizations at fixed parame-
ter ✓n. For the covariance Cov[x̄], we consider two distinct cases. First, we consider an
analytical, diagonal covariance for the data vector, namely Cov[P̄ (k)] = 2P̄ 2(k)/Nk and
Cov[B̄(k1, k2, k3)] = sB P̄ (k1)P̄ (k2)P̄ (k3)/k3fNt, where sB is the triangle shape symmetry
factor (6, 2 and 1 for equilateral, isosceles and scalene triangles, respectively), kf = 2⇡/L is
the fundamental frequency and Nt is the number or triangle configurations inside each tri-
angle bin. Second, we measure the sample covariance from the simulations with parameters
fixed at their fiducial values.

The information content of each forward model should be clear [FS: the following can be
written a bit more clearly; what is “Gaussian model”? You mean the two cases with Gaussian
likelihood? Within that class, the sample covariance adds off-diagonal terms, i.e. correla-
tions among different elements of the data vector.]: in the Gaussian model, the likelihood of
the data vector is Gaussian by construction, and only the first- and second-order moments
(namely the mean and covariance) are taken into account. Although not all parameters enter
quadratically in the likelihood, given that the prior is also Gaussian the uncertainty obtained
by the posterior estimation should closely resemble the Fisher prediction. The sample co-
variance case brings extra information from cross-correlations between the data vector with
respect to the analytical covariance case, while the full forward model captures the full data
vector and parameters distribution together with its higher-order moments.
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Tests at fixed initial 
conditions

• Let’s begin with a thought experiment: 

• We are given a halo catalog and the normalized 
amplitudes of the initial conditions for the matter 
density in the same volume

• Can we infer the cosmological parameters from 
this halo catalog?

• Near optimal case: no cosmic variance

• Of course, unrealistic (see later), but applicable to 
simulations
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• Let’s begin with a thought experiment: 

• We are given a halo catalog and the normalized 
amplitudes of the initial conditions for the matter 
density in the same volume

• Can we infer the cosmological parameters from 
this halo catalog?

• Near optimal case: no cosmic variance

• Of course, not a real-world example, but applicable 
to halos (or galaxies) in simulations
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• Specifically, can we recover unbiased As (σ8) 
from a halo catalog (treating bias parameters as 
unknown) ?

• Perfect degeneracy between b1 and σ8 at linear 
order; nonlinear information essential

FS, Cabass, Jasche, Lavaux; arXiv:2004.06707; FS, arXiv:2009.14176

Tests at fixed initial 
conditions



Proxy for higher-order bias terms
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Figure 5. Maximum-likelihood value Âin ≠1 for all halo samples and redshifts (but for one simulation
realization only) at a fixed cuto� value. The x axis shows the combination (b1 ≠ 1)Dnorm, where
Dnorm = D(z)/D(0) is the normalized growth factor at the redshift of the given sample. The di�erent
panels show di�erent cuto� values as indicated. In each panel, we show results for di�erent forward
model/bias expansions. This gives an overview of the overall performance of di�erent expansions at
di�erent cuto� values.

Ain vs. bias: So far, we have discussed Âin as a function of cuto� � for individual halo
samples. Fig. 5 shows an alternative representation, where all halo mass bins and redshifts are
plotted in a single panel, but at fixed cuto�. This gives a good overview of the performance of
a given expansion order at a fixed cuto�. We choose to plot results as the fractional deviation
of the inferred ‡8 value from the truth, i.e. Âin ≠1, as a function of the combination b1Dnorm

where b1 is the linear bias and Dnorm = D(z)/D(0) is the normalized growth factor at the
redshift of the given halo sample. As argued in [38], b1Dnorm is a rough indicator for the
magnitude of higher-order bias contributions (that is, higher order in perturbations rather
than derivatives). Since we marginalize over b1 here, we adopt the values for b1 reported in
[38] for the same halo samples using the third-order likelihood; this is entirely su�cient for
this purpose. The di�erent panels in the figure show di�erent cuto� values. Some interesting
trends can be gleaned from this representation:

• For � = 0.08 h Mpc≠1, all results are consistent with Âin = 1 within errors; no signifi-
cant improvement is seen for higher LPT or bias orders.

• At � = 0.1 h Mpc≠1, deviations start to become statistically mildly significant for the
most highly biased samples, in agreement with the conclusions of [38].
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evaluating the likelihood in Fourier space on a grid of size Ng. This is mostly done in order
to cross-check the equivalence with the Fourier-space formulation; one can equivalently set
Ng = N red

g in this term without any impact on the inference, as it is an additive constant.
Eq. (4.1) is straightforward to evaluate, however still explicitly depends on the bias

parameters, which requires one to search for a maximum in a high-dimensional parameter
space. As shown in [34] and [39], it is possible to analytically marginalize over the bias
parameters; this is because the log-likelihood Eq. (4.1) is a quadratic polynomial in the bias
parameters (they enter linearly in ”g,det). In the case that all bias parameters are marginalized
over (in the notation of the above references, µ æ 0), the likelihood becomes
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AOOÕ(‡0; ‡8; ”in) =
N

red
gÿ

x

O(x)OÕ(x)
[‡(x)]2 + (C≠1

prior
)OOÕ , (4.3c)

while bprior

O
and Cprior denote the mean and covariance of a Gaussian prior on the bias

parameters. While the code implementation allows for priors, for this paper we drop the
prior terms, i.e. formally send C≠1

prior
æ 0, corresponding to a uniform prior on the bias

parameters. Note that the O(x), and hence BO and AOOÕ , depend on ‡8 and ”in via the
forward model, as well as on ‡0 via the variance. In this paper, we always show results
marginalized over all bO (while Refs. [34, 38] did not marginalize over b1).

All the grid operations are straightforwardly parallelized (using OpenMP in our imple-
mentation). For the matrix operations (inverse and determinant), we use the LU decompo-
sition with full column pivoting as provided by the Eigen C++ library [47].3 Specifically, we
write ÿ

O,OÕ
BO(A≠1)OOÕBOÕ = B€ · X where X satisfies A · X = B, (4.4)

avoiding the explicit computation of the matrix inverse.
The computation of the ‡8 profile likelihood proceeds by finding the maximum of the

likelihood Eq. (4.2) over all free parameters for a range of of ‡8 values [34]. Specifically, we
determine the maximum log-likelihood for the values

Ain © ‡8

‡fid
8

œ {0.9, 0.95, 0.98, 1.00, 1.02, 1.05, 1.1}, (4.5)

3
The matrix AOOÕ is positive definite and as such lends itself to a Cholesky decomposition. However, we

have found this to be less accurate than the LU decomposition.
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• Residual error in σ8 at k < 
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order bias, and numerical 
errors of simulations 
(transients)

Proxy for higher-order bias terms

Results for all mass bins and redshifts 
for Λ = 0.14h Mpc-1

�0.5 0.0 0.5 1.0 1.5 2.0
(b1 � 1)Dnorm

�0.04

�0.02

0.00

0.02

Â
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where b1 is the linear bias and Dnorm = D(z)/D(0) is the normalized growth factor at the
redshift of the given halo sample. As argued in [38], b1Dnorm is a rough indicator for the
magnitude of higher-order bias contributions (that is, higher order in perturbations rather
than derivatives). Since we marginalize over b1 here, we adopt the values for b1 reported in
[38] for the same halo samples using the third-order likelihood; this is entirely su�cient for
this purpose. The di�erent panels in the figure show di�erent cuto� values. Some interesting
trends can be gleaned from this representation:

• For � = 0.08 h Mpc≠1, all results are consistent with Âin = 1 within errors; no signifi-
cant improvement is seen for higher LPT or bias orders.

• At � = 0.1 h Mpc≠1, deviations start to become statistically mildly significant for the
most highly biased samples, in agreement with the conclusions of [38].
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Also works for 
(simulated) galaxies

• Apply the same analysis to stellar-mass-
selected galaxies in IllustrisTNG:

Barreira, Lazeyras, FS; arXiv:2105.02876 Figure 8. Inferred values of �8 obtained using the forward model and the EFT likelihood of Eq. (2.1) applied
(with ⇤ = 0.2h/Mpc) to galaxy samples from the Hydro TNG300-1 simulation. The two panels are for
di↵erent minimum stellar mass cuts, and the colors indicate di↵erent galaxy selection strategies, as labeled.
The selection into red/blue and high/low sSFR galaxies is that shown in Fig. 9. The two horizontal grey bands
mark the 1% and 5% intervals. The various results at a given redshift are displaced slightly horizontally to
facilitate the visualization.

formation, given theoretical predictions from other galaxy formation models, as well as matching
selection strategies applied on the simulated and real galaxy data.

4 Results on �8 inference

Before concluding, we show in this section the results on the �8 inference obtained using the forward
modeling approach with the EFT likelihood of Eq. (2.1). The work of Refs. [57, 58] has presented
an in-depth study of these inference analyses using halos as tracers; here we simply apply the same
formalism to various simulated galaxy samples instead. The inferred values of �8 are shown in Fig. 8
for di↵erent redshifts and samples, including all galaxies with M⇤ > 109M�/h and M⇤ > 1010M�/h,
as well as splits of these samples into red/blue galaxies and highly/less star forming galaxies. These
splits are shown in Fig. 9. The red/blue split at z = 0 is the same used by Ref. [68] using the same
simulation data (see their Eq. (17)), but the remainder of the splits are simply guided by eye to give
su�ciently di↵erent galaxy populations with which to test the forward modeling approach. These
results were obtained with ⇤ = 0.2h/Mpc and all these galaxy samples satisfy the criterion r(k) > 0.5
for k < ⇤ mentioned at the start of Sec. 3.

For the samples selected just by the minimum stellar mass cut (black points in Fig. 8), the EFT
likelihood recovers the expected value of �8 to within 1% at all redshifts shown. As expected by
the increased stochasticity with decreased galaxy number density, the performance degrades slightly
when the color and sSFR cuts are made, but they remain within 5% of the true value in most of
the cases. The main exceptions to this are the red galaxies with M⇤ > 109M�/h at z = 0.5, 1 and
M⇤ > 1010M�/h at z = 1. Figure 9 shows that these samples contain comparatively fewer objects
compared to the others, and so it is unsurprising that the performance is somewhat poorer for these
cases. The contribution from the missing fourth-order (and beyond) bias terms in our forward model
is also more important for these more biased samples, which can also partly explain the observed shift
in the inferred �8.

Recall, since we marginalize over all bias parameters up to third-order, which includes the linear
LIMD parameter b1, the extraction of the true value of �8 is thus achieved via nonlinear information
that one would normally try to access with higher-order N -point correlation functions. In real-life
applications, one must sample also the remainder of the cosmological parameters, as well as the initial
conditions field �m,in, which should naturally reduce the constraining power on �8 (note however the
very small volume Lbox = 205Mpc/h of our samples compared to real-life surveys). The result shown

– 16 –

Lbox = 300 Mpc/h

No chance to do this using power 
spectrum+bispectrum due to 
cosmic variance…



2 4 6

b1

°4

°2

0

2

b K
2
(c

,M
)

log M = 13.96
log M = 14.36
log M = 14.76

Ideal for studies of 
assembly bias

• Fixed-initial-condition analysis allows for 
precise measurements of bias parameters

• For example: detecting strong assembly bias 
in tidal bias coefficient

Colors: mass bins

Points: bias measured for 
4 concentration quantiles

Dashed line: “coevolution” 
relation

Lazeyras, Barreira, FS, arXiv:2106.14713



BAO inference
• Lagrangian perturbation theory based forward model 

incorporates precise local evolution of BAO scale

• Fixed phases (IC) -> best possible BAO 
reconstruction

• Trick: shift BAO scale in IC by rescaling:

Babić, FS, Tucci, arXiv:2203.06177

0.1 0.2 0.3

k [hMpc�1]

0.95

1.00

1.05

P
L
,c
la
ss
/
P
L
,s
m

(a) Ratio of the linear power spectrum obtained from
CLASS and the best fit for PL,sm.

0.1 0.2 0.3

k [hMpc�1]

0.95

1.00

1.05

P
L
,c
la
ss
/
P
L

(b) Ratio of the linear power spectrum from CLASS
and the best fit for PL from Eq. (3.1).

Figure 1. Comparing the linear power spectrum to the power spectrum approximation.

we take from Ref. [1]. We found the value of N , kD and A by fitting Eq. (3.3) to the linear power
spectrum produced by the CLASS code [46]. Fig. 1a shows the ratio of the CLASS power spectrum
to PL,sm(k). We can clearly see the damped oscillation in the BAO range which indicates that PL,sm

really does describe the smooth power spectrum with no BAO wiggles. Fig. 1b shows the ratio of
the CLASS power spectrum to the power spectrum approximated by Eq. (3.1). While we do see
some residual wiggles in the plot, we also notice that they are suppressed at high k where most of
the constraints come from. Therefore, we can conclude that Eq. (3.1) is a good approximation of the
linear power spectrum and we can use it for the BAO scale inference.

Given the known fiducial power spectrum, i.e. the power spectrum from which the initial con-
ditions of the N-body simulations were drawn, it is easy to find the power spectrum with a different
BAO scale, using Eq. (3.1). We introduce the factor f(k,�) as

f
2(k,�) =

PL(k,�)

Pfid(k)
=

1 +A sin(k�rfid) exp(�k/kD)

1 +A sin(krfid) exp(�k/kD)
. (3.4)

Notice that f(k, 1) = 1. From f(k,�) it is straightforward to find the relationship between the fiducial
and rescaled linear density fields

��(k,�) = f(k,�)�fid(k). (3.5)

To recap, �� is the linear matter density field with all fiducial phases but for which the BAO scale is
of the size rs = �rfid. Throughout the paper we will be using different �� as the initial fields for our
forward model.

3.2 Profile likelihood

All numerical results presented here were obtained for a spatially flat ⇤CDM cosmology with param-
eters ⌦m = 0.3, ⌦⇤ = 0.7, h = 0.7, ns = 0.967 and a box with size L = 2000h�1Mpc. We use four
halo mass bins in the mass range 1012.5h�1

M�–1014.5h�1
M�. We present results on two simulation

realizations, “run 1” and “run 2”, which differ in their initial phases. In Tab. 3.5, we present the
number density of halos in run 1 at different redshifts.
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a function of (b1 � 1)Dnorm(z). Results are shown in Fig. 7, where we plotted the |�̂ � 1| values for
all halo mass bins and redshifts against (b1 � 1)Dnorm(z). There is a hint of a correlation between
|�̂� 1| and (b1 � 1)Dnorm(z), although all but one points are consistent with �̂ = 1 within one sigma.

Let us also comment on the limits of the cutoff we are using. For matter, the EFT is under
perturbative control for ⇤ . 0.25hMpc�1 at z = 0. For highly biased tracers, the cutoff is reduced
due to the growing size of bias parameters at higher orders. Thus, we are going beyond that limit,
and not all of our values of ⇤ are strictly under perturbative control. However, because the BAO is
an oscillatory feature, while higher-order corrections are expected to be smooth functions of k, the
BAO inference seems to be still robust at these high k. We leave a more systematic investigation of
this important issue to future work.
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Figure 5. P values for � using the EFT likelihood found at different redshifts for run 1. Different panels
show four different mass ranges at three different redshifts each.

– 11 –



BAO inference
• Lagrangian perturbation theory based forward model 

incorporates precise local evolution of BAO scale

• Fixed phases (IC) -> best possible BAO 
reconstruction

• Comparison with (pre-reconstruction) P(k)

Ratio of error bars on 
inferred BAO scale: P(k) 
over field-level EFT

Both for fixed phases.

Babić, FS, Tucci, arXiv:2203.06177

0.10 0.12 0.14 0.16 0.18 0.20

⇤ [hMpc�1]

1.0

1.5

2.0

2.5

3.0

3.5

4.0

�
P
S
/
�
F

z=0.0

z=0.5

z=1.0

(a) log10(M/h�1M�) = 12.5� 13.0

0.10 0.12 0.14 0.16 0.18 0.20

⇤ [hMpc�1]

1.0

1.5

2.0

2.5

3.0

3.5

4.0

�
P
S
/
�
F

z=0.0

z=0.5

z=1.0

(b) log10(M/h�1M�) = 13.0� 13.5

0.10 0.12 0.14 0.16 0.18 0.20

⇤ [hMpc�1]

1.0

1.5

2.0

2.5

3.0

3.5

4.0

�
P
S
/
�
F

z=0.0

z=0.5

z=1.0

(c) log10(M/h�1M�) = 13.5� 14.0

Figure 11. Ratio of the uncertainty on the BAO scale inferred from the power spectrum likelihood, �PS(�̂), to
that from the field-level likelihood, �F (�̂), as a function of cutoff for different redshifts. Each panel corresponds
to a different halo mass range.
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possibly multiple times, to the leading-order in derivative rotational invariants.1 As in [27],
we construct the higher-derivative operators in the Eulerian frame, i.e. we compute r2

xO(x)
rather than r2

qOL(q) followed by a displacement. For a complete set of operators, this change
would be equivalent to a rotation of the operator basis, and is absorbed by the coefficients.

To decide which higher-order-in-derivative operators need to be included, we compare
their relevance to that of the highest-order leading operator, characterized by n

max
pt . That is,

we include a higher-derivative operator in our forward model if it obeys
✓

⇤

kNL

◆npt(O)⇥(3+nL)/2

⇥ (⇤R⇤)
2nderiv(O) �

✓
⇤

kNL

◆nmax
pt ⇥(3+nL)/2

. (2.14)

Here, nL = @ lnP (k)/@ ln k|k=⇤ and nderiv(O) is the number of Laplace operators applied to
an operator of order npt(O)  n

max
pt .

In practice, this would mean that for a fixed expansion order the set of higher-derivative
operators changes depending on the cutoff scale and mass bin. Instead, we would like to
be able to compare directly between all results at identical expansion order. Therefore, we
determine the set of higher-order in derivative operators at fixed parameter values which are

z = 0 , ⇤ = 0.10h/Mpc , kNL = 0.25h/Mpc , R⇤ = 5Mpc/h . (2.15)

At n
max
pt = 3, which we adopt as default for this study, and for all halo mass bins except

the highest, this corresponds to one higher-order-in-derivative operator, r2
�. Higher-order

operators that our convention neglects arise for ⇤ � 0.18h/Mpc and for the highest of the
four halo mass bins which we consider in section 5. Thus, the distinction between the full-
and the sub-set of higher-derivative operators does not make a difference for the bulk of the
results presented below.

2.2.2 Velocity bias

On large scales, the equivalence principle ensures that galaxies and matter move along the
same trajectories, and hence velocity bias arises only as a higher-derivative effect. In the case
of galaxies, velocity bias is produced by baryonic effects such as stellar winds and supernova
feedback. More importantly, also halos, which form in special, biased, regions of the density
and velocity field over some finite-size volume, are subject to velocity bias [45–48]. In the
following sections, we show that velocity bias significantly impacts the inference of the growth
rate. Here, we therefore introduce a systematic velocity bias expansion. Since the transfor-
mation to redshift space depends on ug,det|| = vg,det ·n̂/H, where n̂ denotes the LOS-direction
and projections onto the LOS are indicated by a subscript parallel symbol, we formulate the
expansion for this quantity directly.

The relative velocity between galaxies and matter is in principle a local observable; as
such its large-scale expansion can only depend on gravitational observables. Further, the
velocity bias operators need to be vectorial quantities. A general expansion of the LOS
velocity,

ug,det|| (x, ⌧) = u|| (x, ⌧) +
X

U

�U (⌧) U (x, ⌧) , (2.16)

thus considers the LOS component U of all 3-vectors that can be constructed from contracting
the distortion tensors M

(n)
ij with themselves and spatial derivatives.

1Note that this is a subset of the higher-derivative operators considered in [27], who also included operators
of the form @iO@i

O
0 for invariants O,O0.
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Figure 1. The perturbative forward model for the density contrast of biased tracers in redshift space.
Double arrows represent particle displacement operations, dashed arrows denote the corresponding
displacement vectors and solid arrows indicate field-level computations. “LD” stands for operators at
leading order in derivatives. The likelihood of the data �̃g given the forward-modeled field �̃g,det is
evaluated via the EFT-likelihood, see section 2.4. Cosmological parameters impact the computation
of both shift vectors, s and ug,det||; their posterior is explored by a slice sampler.

NG,ini is chosen large enough to represent all modes up to the cutoff. For the LPT
computations we copy the initial conditions to a larger grid of size NG,fwd. The Nyquist
frequency of this larger grid corresponds to at least nLPT ⇤ to ensure that all modes
can be represented (see the “no mode left behind” option in [27]).

2. Next, we construct the time-derivative of the displacement s
0

||
/f and the rotational

invariants of the distortion tensor up to the desired order in the bias expansion n
max
pt .

Since u|| is directly proportional to f (see eq. 2.5), we can multiply the growth rate as
well in the Eulerian frame as in Lagrangian space. Choosing the former option allows
to save computing time, as we do not need to re-evaluate the Lagrangian to Eulerian
displacement when f is varied. The set of operators is labeled

�
OL

 
LD

in figure 1, to
indicate that the operators are all leading order in spatial derivatives. Finally, we add
a constant field, which will provide the matter density field after it is transformed to
the Eulerian frame.

3. We copy all operators obtained in the previous step to a grid with size NG,Eul. For each
operator, we create an ensemble of pseudo-particles whose positions coincide with the
grid’s nodes and whose masses are given by the operator value at their location. We then
shift these particles by the displacement vector s and re-assign their density to a grid
with size NG,Eul using a CIC kernel. Note that NG,Eul is a user-defined parameter which
essentially controls the resolution at which the displacement operation is computed.

4. In the Eulerian frame, we compute 1 + b��. We also construct all relevant higher-order
derivative operators, as specified in section 2.2.1. Together with the leading-order in
derivative contributions, they comprise the full set of higher-order operators {O}

O 6=� in
eq. (2.27).

5. To construct the deterministic halo velocity, we divide out the Jacobian from the dis-
placed velocity field, i.e. from eq. (2.7) with O = u||/f , and multiply by f . As detailed
in section 2.2.2, we construct all velocity bias operators up to the same relevance as the
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possibly multiple times, to the leading-order in derivative rotational invariants.1 As in [27],
we construct the higher-derivative operators in the Eulerian frame, i.e. we compute r2

xO(x)
rather than r2

qOL(q) followed by a displacement. For a complete set of operators, this change
would be equivalent to a rotation of the operator basis, and is absorbed by the coefficients.

To decide which higher-order-in-derivative operators need to be included, we compare
their relevance to that of the highest-order leading operator, characterized by n
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pt . That is,
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Here, nL = @ lnP (k)/@ ln k|k=⇤ and nderiv(O) is the number of Laplace operators applied to
an operator of order npt(O)  n

max
pt .

In practice, this would mean that for a fixed expansion order the set of higher-derivative
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be able to compare directly between all results at identical expansion order. Therefore, we
determine the set of higher-order in derivative operators at fixed parameter values which are
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the highest, this corresponds to one higher-order-in-derivative operator, r2
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operators that our convention neglects arise for ⇤ � 0.18h/Mpc and for the highest of the
four halo mass bins which we consider in section 5. Thus, the distinction between the full-
and the sub-set of higher-derivative operators does not make a difference for the bulk of the
results presented below.

2.2.2 Velocity bias

On large scales, the equivalence principle ensures that galaxies and matter move along the
same trajectories, and hence velocity bias arises only as a higher-derivative effect. In the case
of galaxies, velocity bias is produced by baryonic effects such as stellar winds and supernova
feedback. More importantly, also halos, which form in special, biased, regions of the density
and velocity field over some finite-size volume, are subject to velocity bias [45–48]. In the
following sections, we show that velocity bias significantly impacts the inference of the growth
rate. Here, we therefore introduce a systematic velocity bias expansion. Since the transfor-
mation to redshift space depends on ug,det|| = vg,det ·n̂/H, where n̂ denotes the LOS-direction
and projections onto the LOS are indicated by a subscript parallel symbol, we formulate the
expansion for this quantity directly.

The relative velocity between galaxies and matter is in principle a local observable; as
such its large-scale expansion can only depend on gravitational observables. Further, the
velocity bias operators need to be vectorial quantities. A general expansion of the LOS
velocity,

ug,det|| (x, ⌧) = u|| (x, ⌧) +
X

U

�U (⌧) U (x, ⌧) , (2.16)

thus considers the LOS component U of all 3-vectors that can be constructed from contracting
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ij with themselves and spatial derivatives.

1Note that this is a subset of the higher-derivative operators considered in [27], who also included operators
of the form @iO@i
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NG,ini is chosen large enough to represent all modes up to the cutoff. For the LPT
computations we copy the initial conditions to a larger grid of size NG,fwd. The Nyquist
frequency of this larger grid corresponds to at least nLPT ⇤ to ensure that all modes
can be represented (see the “no mode left behind” option in [27]).

2. Next, we construct the time-derivative of the displacement s
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||
/f and the rotational

invariants of the distortion tensor up to the desired order in the bias expansion n
max
pt .

Since u|| is directly proportional to f (see eq. 2.5), we can multiply the growth rate as
well in the Eulerian frame as in Lagrangian space. Choosing the former option allows
to save computing time, as we do not need to re-evaluate the Lagrangian to Eulerian
displacement when f is varied. The set of operators is labeled
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in figure 1, to
indicate that the operators are all leading order in spatial derivatives. Finally, we add
a constant field, which will provide the matter density field after it is transformed to
the Eulerian frame.

3. We copy all operators obtained in the previous step to a grid with size NG,Eul. For each
operator, we create an ensemble of pseudo-particles whose positions coincide with the
grid’s nodes and whose masses are given by the operator value at their location. We then
shift these particles by the displacement vector s and re-assign their density to a grid
with size NG,Eul using a CIC kernel. Note that NG,Eul is a user-defined parameter which
essentially controls the resolution at which the displacement operation is computed.

4. In the Eulerian frame, we compute 1 + b��. We also construct all relevant higher-order
derivative operators, as specified in section 2.2.1. Together with the leading-order in
derivative contributions, they comprise the full set of higher-order operators {O}

O 6=� in
eq. (2.27).

5. To construct the deterministic halo velocity, we divide out the Jacobian from the dis-
placed velocity field, i.e. from eq. (2.7) with O = u||/f , and multiply by f . As detailed
in section 2.2.2, we construct all velocity bias operators up to the same relevance as the
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Figure 11: Parameter posteriors for the D
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2

synthetic dataset using ⇤ = 0.1h Mpc�1

(green and red contours) and ⇤ = 0.14h Mpc�1 forward models (blue and purple contours)
with 2LPT displacement fields. We contrast the fixedIC and the freeIC inference chains
for both forward models. As expected, the ⇤ = 0.14h Mpc�1 freeIC forward model recovers
consistent results as the corresponding fixedIC case. However, the ⇤ = 0.1h Mpc�1 freeIC
chains, i.e. those with a cutoff mismatch, show a shift with respect to the fixedIC contour.
Possible explanations for this are discussed in the text.
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Figure 5. Diagrammatic representation of the renormalization group equation (4.22). The

curved bracket at the bottom represents a contraction with a factor of dP ij/d⇤. The second

graph on the right stands for a sum over various ways to distribute and contract the incoming

lines.

The n = 0 and n = 1 terms are the renormalized initial distribution function and

standard time evolution, respectively, while the n > 1 terms are the new ones. We can

expand (4.10) as a power series in J to obtain RG equations for the K coe�cients.

This yields
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Since the RHS of (4.22) involves only terms with  n raised indices, the equations

can be solved order-by-order in n. The n = 0 terms therefore renormalize among

themselves. We immediately learn that if all n = 0 terms vanish, non-zero terms will

never be generated by the RG. This means that a Gaussian initial distribution at all

scales, and the power spectrum is unchanged.
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If the initial perturbations are Gaussian, K coe�cients with zero upper indices vanish,

so the first term on the RHS is the only one that survives. For the special case m = 1,

we find
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with 2LPT displacement fields. We contrast the fixedIC and the freeIC inference chains
for both forward models. As expected, the ⇤ = 0.14h Mpc�1 freeIC forward model recovers
consistent results as the corresponding fixedIC case. However, the ⇤ = 0.1h Mpc�1 freeIC
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Possible explanations for this are discussed in the text.
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Figure 5. Diagrammatic representation of the renormalization group equation (4.22). The
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graph on the right stands for a sum over various ways to distribute and contract the incoming

lines.
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↵ = 0.984± 0.018

V = 8 (h-1Gpc)3



Conclusions

• Two main messages:

• We can deal with complexities of galaxies 
rigorously on large scales -> EFT

• There is much more (trustable) information 
in galaxy clustering than what we are using 
so far -> full inference* and/or new data 
summaries

* For full disclosure: we still see issues when applying to fully nonlinear tracers 
(halos and high-Λ mocks).


